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. Algebrecic Curves

/

Curves admits maps to proj. space

stody of space of such maps s Brill Noether Theory
rational maps

Δ

Important inuariants of map φ : C → ipr

｡ Degree - k φ
" (H ) H general byperplane 鄧 Irankdeg .

:

. Rank . dim ( spansimielll

Q : Does C possess a map degd f rank r .
If so

,
row many ?

①X
, s( UFD

Divisors ｢ VxEXー

Recall : (Weill divisars of linsert adjechves) scheme is

Ʃ nd [D]
t integral , closed subscheme codiml

On e divisors are Dlp )p
L3 smooth

, projective
irned. ?

degree degD = Dlp >

effecve Dlp] : 0 tP .

D.
～ Da if D. -D . =div[f ) = Ʃ ) [p]

equivalently for effe divisors ヨ φ : C→ IP
"

st .Di=φ '
"

lHit i = 1 , 2

Hi hyperplanes.

set of hyperplanes in ipr - r dim space
each hyperplane corresponds to an efficirnve divisor in one liner equiv class.

rank (DJ = dim { ser of effecive divisors n D } = : llp)

t
complere linear series

Di = Dtdivlfi ｣ i = 1 , 2

D. TDz = Dt div lf. t fa )

F上. divisorD hasrank rif forevery effechvedivisorE of degree D .
B - E isequivalentto

an effective divisor.

If D not equiv.
,

to effective divisar, say it has rank
- 1 .

set of divisor classes is Picardgroup-Picd

Brill . Noether Varienes Walc ) { [ D ]εPicdlcll ranklblars

Q : For which valves of r and d is wiolkl non - empty
If so

,
how "

big is it .

Riemann . Roch rankp - ranklke - Dl - degD - gti
れ
canonical

divisor



2
. chip Firing Game

CGame played on a graph
Graphs - finite , connected loupless, bur possibly wl multi - edges

Def
.

Divisor D on grapb G is formal 2- linearcombinationof verrices of G
. D =ƩDlolv

VEV(GY
れ

chip firing configuraticon
フ

verticeswith negative coeffs
"

in debr
" effective divisor

degree
De上

. chip . firing move

!-.o
takes a divisor D o D

, where

D'l ω ) =Dlo ) - vallol if Wa v{
Dlwl t H of edges blo w & o if wto

Two divisors D
,
D

'

ave Linearly equivalent if D
'

can be obtained from D by a sequence of chip
firing moves

.

picardgp ( Picd (G)K ∞

Rakemone
suble
nasrank at leastrif D- E neflective divisor

Kircboff' smatrix
Tree Theanem

UEeffecrive rankr
chip firing game

→ opponent steals r chips
s elliminate debt

Q : Does G possess a divisor of degd e rankr ?
If so how many .

?

gensof graphfirst beth number
canonical divisor Ka Ʃ ( oallo]- 2 ). δ
ー

VEVLG)

臊.(

RiemannRoch for graphss ( Babe, Noriveof) G graphgenusg . D
divisoron G

rank ( D) - rank ( Ra - D ) = degp - gti
neither implies other
but indicaive of connection .

3
. connecting the tho worlds

Given acurve, want to horwreitino a simpler object , netaining usehil information

Exhemely sketchy
familyof curves :forFlsy. a )

homog.poly deg 4

Ct = { (x,y . E ) EIpl t . Fl, y. z ) t xyzlxty + t ) = 0 }

Almost allvalres of t , Cte lps is a smooth plane quartic



t =^ A

☆ool grop. panesencnah.

～

In order for G to be used to state properiesof tG , family must sansfy some technical hypothesis
↳ think of Co as a single curve owertheArGeld Klit')

DVR KEED

sA curve eover Ris a smfor cof e negulo, proper & flat
over R ,genercalfibre is C,specialfibre coned dhasonlyordinag
double points as singulcrinies

→ properties of C hold for Co t in some dense open set

Conside 1 porcameto fcomity of divisors
with sufficiently srong hypothesis, they nesrict to smooth po of Co

ms well . -definedmap divisars of CIks → VIGI

ns preserves linear equivalence s why ?

Upo. have map Trop : Picklc) → PiclG)

Tcoelfs in
discerely
uaelued freld Cllt1)

臊
.

( Baker' sSpecialization lemma
,

'08 )Let Dbe akdvisor on C

Then
rank( D) ≤ rankl TropD )

Link to Tropical aumes nnsome divisorsof parricular degreef rankdon 't exist
solutionis orefine graph

→ in limit get meric graph

Back to Q :Forwhichvamesof rand diswidll non - empty
If so

,
how '

big is it .

型

. (

Bril-NoetherTheorem )Letcbe ageneralcarve of genusg ,
define

Plgir , d ) =

g
-

artuslg - dsr)
1 . If plgir , d ) so w

'

alcl is empry

2
. lf pigar, d ) 20 dimWalcl- plgir, d )

{ in general

Alvernate pf by chip fbring given by Cools . Draisma, Payne, Robeva 2012

Idea: by Baker 's specialicaion lemma, sulfices to exhibit a family of graphs genus g, closedunder nefinement , that possess no

divisor of deg d , rank at leastr

Chain of loops 別ー “ ー…①- 品
moark
～s also get second part


