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INTRODUCTION

Loosely, a moduli space is a space parameterising some geometric objects. Moduli spaces are
of significant interest. Even when studying single geometric objects, it is often useful to consider
an appropriate moduli space, and there are many interesting geometric questions we can ask
about them. An important class of examples are Hilbert schemes, which parametrise the closed
subschemes of P™, and more generally the subschemes of a fixed scheme X, with given Hilbert
polynomial P. The Hilbert scheme of points, denoted Hilb%(X), are those which parametrise the zero
dimensional subschemes of length d.

Hilbert schemes of points have many useful features. They represent a certain moduli functor,
so are fine moduli spaces (see Definition 1.1.3), which allows the tangent space to be described via
deformations. In general, Hilbert schemes are quasi-projective (due to Grothendieck, see Theorem
1.2.3) and connected (due to Hartshorne [17], also see Proposition 1.4.3). The Hilbert scheme of
points of a surface is particularly well-behaved. Fogarty [11] proved that for a non-singular surface
S, Hilb%(S) is non-singular of dimension 2d. For Hilb%(S), the cohomology has been studied
[12, 24, 32] and enumerative geometry results derived [2, 26].

However, for general X, the Hilbert scheme of points is highly pathological. Vakil [33] defines
a moduli space for which Murphy’s Law applies as those on which every singularity type of finite
type over Z appears, and Jelisiejew [20] shows that for HilbP®(A™) = 114 Hilb4(A™), withn > 16,
Murhpy’s Law holds up to retraction. This describes a kind of “arbitrarily bad behaviour”. Con-
cretely, for a smooth variety X of dimension n, Hilb4(X) always has a smoothable component of
dimension dn (see Section 2.1). Iarrobino [19] showed that for a non-singular variety V of dimen-
sion n > 3, Hilb4(V) is reducible for d sufficiently large, and demonstrated families that are too
large to fit in the smoothable component. Cartwright-Erman-Velasco—Viray [5] studied Hilb8(A™)
and found components of lower dimension for n > 4.

Despite this rather terrifying situation, light can be shed. For Hilb4(P™), we have a bound on
the dimension of the tangent space at the most singular point due to Briancon-larrobino [4]. Fix
n and represent closed subschemes of P™ by ideals I C klxo, ..., Xn]. If [I] is a point on Hilb% (P™)
with tangent space T(I) of maximal dimension, then as d grows, dimy T(I) grows as O(a(2=2/n)
(big O notation, see Theorem 3.0.1 for precise statement).

To show this result, we reduce to Borel fixed ideals, which are in particular monomial ideals (see
Section 3.1), then relate these to generalised Young diagrams. This motivates the following question.

Q: What are the most singular points of Hilb?(X)?
The following was conjectured by Briangon and Iarrobino in 1978.

Conjecture A (Briangon-larrobino [4]). The ideal m™ = (xg,...,%Xn)" has the maximum dimension
tangent space among all points in Hilh("n ) (P™).

Little progress has been made on this conjecture. Ramkumar-Sammartano [27] prove a par-
tial result for Hilb?(P3) by decomposing the tangent space using signatures (see Definition 3.0.2).
Rezaee [29] obtains more refined conjectures for Hilb4(P3), including a necessary condition on I
for the tangent space T(I) to have maximal dimension which implies Conjecture A (see Conjec-
ture 3.4.7). Bejleri-Stapleton [3] use similar techniques to prove the analogous result for punctual
Hilbert schemes, which parametrises the “fat” points of the Hilbert scheme of points. The aim of
this essay is to present some of these results.
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0.1. Motivation and brief survey. The smoothness of Hilb%(S) for non-singular surface S has far-
reaching consequences. Gottsche [12] proves that the Euler and Betti numbers of Hilb4(S) depend
only on § and gives a generating function for both. A surprising application of this formula is in
enumerative geometry. A K3 surface is a compact, simply connected complex manifold of dimen-
sion 2 with nowhere vanishing holomorphic 2-form [26]. K3 surfaces are Calabi—Yau, and have
applications in string theory and mirror symmetry. A fundamental question regarding K3 surfaces
is: how many rational curves lie on it? Let 34 be a primitive curve class on a smooth projective K3
surface S with Bé = 2g — 2, and Ny the number of rational curves in class 34. Yau-Zaslow [35]
predicts N to satisfy the following generating series

1
Ngq9 ' = —,
2N Alq)

g=0

where A(q) = q[],>1(1— q™)%* is the modular form of weight 12. This was proven by Beauville
[2] by relating the coefficients N4 to Gottsche’s formula for the Euler number e(Hilb?(S)). More
recently, Oberdieck [26] expanded on these results by considering the enumerative geometry of
Hilb4(S) for S a K3 surface. A nice account and some further applications can be found in [13].

Another application is in representation theory and combinatorics. The Macdonald positivity
conjecture is an important result related to Macdonald polynomials, which was proven by Haiman
[15] via a combinatorial result now known as Haiman's n! theorem. Haiman uses the isospectral
Hilbert scheme which is a reduced fibre product

Xn ()"

l l

Hilb™(A2) —2— S™(A2)

where ¢ is the Hilbert-Chow morphism (see Section 1.4). The smooothness of Hilb™ (A?) is essential

in the proof. A related result is Haiman’s (n + 1)"~! theorem. An exposition of both is given in
[22].

For higher dimensional X, the picture for Hilb%(X) remains much more obscure. Much work
has been done to understand the different components that may arise [8, 21, 28]. Jilisiejew makes
a summary of various known components other than the smoothable one in [21, Section 5.6].
Cartwright-Erman—Velasco—Viray [5] show that Hilb4(A™) is irreducible for d < 8, and for d = 8
irreducible if and only if n < 3. More results for the reducibility/irreducibility of Hilb%(A™) are
collated by Douvropoulos—Jelisiejew—Nodland-Teitler [8] and the bound improved. It is known
that Hilb4(A™) is (i) irreducible for d < 7 and all n, as well as (n,d) = (3,9), (3,10), (3,11); and
(ii) reducible for allm > 3and d > 78, or d > 8 and n > 4. The only cases that remain unknown
aren = 3 and 12 < d < 77. These results extend to Hilbd(V) for V a general irreducible variety of
dimension n. Whether Hilb%(A™) is reduced has also been considered [20, 31], but only isolated
cases are known.

Vakil [33] suggests that unless there is a good reason for a moduli space to be well-behaved,
it will be very badly behaved. This heuristic applies to the Hilbert scheme of points, as demon-
strated by Jelisiejew’s result on Murphy’s law. Hence there is no possibility of constraining the
singularities of HilbP*(X) for general X. However, Briangon-Iarrobino’s bounds suggest that the
maximally singular points grow with d in a controlled way. One would hope that if these points
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could be understood, then there will be a wider range of applications available. Understanding the
tangent space of Hilb®(A™) reduces to a combinatorial problem by standard techniques, and then
the connection to Young diagrams used by Haiman in the proof of the n! theorem is a promising
direction. This is the method considered in [3, 27, 29], and the one this essay will focus on.

0.2. Outline. In Section 1 we define moduli spaces and introduce the Hilbert scheme of points.
In Section 2 we discuss some features of the Hilbert scheme of points and the pathologies that
may arise. We discuss Jelisiejew’s result that Murphy’s law holds up to retraction for some Hilbert
scheme of points. In Section 3 we discuss the tangent space in more detail. We reduce to monomial
ideals, then use Young diagrams to prove Briangon-Iarrobino’s bounds. We present an alternative
proof of Fogarty’s result for smoothness and discuss progress on the conjecture of maximally sin-
gular points. Finally, in Section 4, we present Bejleri-Stapleton’s analogous result for the punctual
Hilbert scheme.

Throughout, we work over a field k, assumed to be algebraically closed of characteristic O,
although many results will hold more generally. We will often denote R = k[x1,...,xn], S =
klxo,...,X%n], and the maximal ideal m = (xq,...,Xn) OF (X71,...,Xn ).

Acknowledgments. The author thanks Fatemeh Razaee for setting the essay title, and for insight-
ful guidance.

1. BASIC DEFINITIONS AND FIRST PROPERTIES

1.1. Moduli functors and moduli spaces. We define moduli spaces, mainly following definitions
from [16, Section 1].

Firstly, let us illustrate the principle with an example. Recall that RP' parametrises lines through
the origin in the plane. The topology of RP' has information about which lines are “close to-
gether”. We can “survey” this topology by considering a topological space B and a continuous
map f: B — RP'. If we fix such a map f, then for each point b € B we obtain a line corresponding
to f(b). Such an allocation of lines to each point of B is a family of lines over a base B. For instance,
if B = [0, 1] is the unit interval, then this allows us to have a notion of a “path of lines”.

nie nie

FIGURE 1. Two families of lines over B = [0, 1].

Another way to view such a family of lines is as a topological space X C B x R? and 7t: X — B,
such that 7 is the projection to B restricted to X, and for all b € B, 7~ '(b) is a line through the
origin in R%. Note, we have a universal family, which is the tautological line bundle over RP'. This
is universal in the sense that all families of lines can be uniquely realised as the pullback diagram:



X E
lT[ l”taut
B RP'

By Yoneda’s lemma, the information of all families of lines, i.e. all maps f : B — RP!, determines
RP' up to unique isomorphism. In this spirit, a moduli space M (if it exists) is determined by a suitable
notion of families of objects. Moreover, moduli space M parametrising some geometric objects should
have the following features:

(1) The points of M are in bijective correspondence with (equivalence classes of) the objects of
interest.
(2) The topology of M encodes which objects are “close together”.

A moduli problem consists of (i) a class of objects; (ii) a notion of a family of objects over B;
(iii) a notion of equivalence of families. The set of all families over B is denoted S(B). We are
purposefully vague with what we mean by “a class of objects” or “a notion of equivalence” since
there is a broad range of moduli problems we may wish to consider.

Example 1.1.1 (The Grassmanian). Generalising the first example, we can consider families of the
form 7t : X — B, where X C B x R", 7 is the projection to B, and for each b € B, 7t 1(b) is a linear
subspace of dimension {. Two families are equivalent if they are the same. The corresponding
moduli space is the Grassmanian Gr¢(R") = Gr(7).

Example 1.1.2 (The moduli space of curves). The moduli space of genus g, n-pointed curves My n, is
constructed! by considering families of the form

(X)B77T) U])'-wcn)a

where 7 : X — B is a map” such that 7' (b) is a smooth, projective, connected, (arithmetic)
genus g algebraic curve for all b € B, and o3 : B — X are disjoint sections of 7t. Two families,
(X,7,01,...,0n) and (X, B, 7, 61,...,0n), are equivalent if there is an isomorphism @ : X — X’
such that the following diagram commutes:

>

Moduli spaces of curves are well-studied. Some excellent expository pieces are Cavilieri’s lec-
ture notes [6] on pointed rational curves and their characteristic classes, and Chan’s article [7] on
using tropical techniques to calculate cohomology.

Although the notion of moduli functors extends to other categories, we will be working over
k-schemes. A moduli functor is a functor F : Sch — Set which sends an object B to S(B)/ ~, the set
of families over B modulo equivalence. Recall that a functor J is representable by M if J is naturally
isomorphic to the functor B — Morg., (B, M).

1S’crictly speaking, the (fine) moduli space of curves is a stack or alternatively one can consider a coarse moduli space,
but neither notions are required here.
%Flat and proper.
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Definition 1.1.3. [16, Definition 1.1]. If J is representable by a scheme M, say M is a (fine) moduli
space for the moduli functor J.

If a moduli space M exists, then it has many desirable properties:

(1) Since the set of families over a point are the objects of interest up to equivalence, the k-
points of M classify objects of the moduli problem up to equivalence.

(2) (Universal property). Consider the morphism id : M — M. Via the isomorphism of func-
tors defining M, we obtain an element of F(M), i.e. a family over M. This is the universal
family for the moduli problem. Every family arises as a pullback the universal family.

Remark 1.1.4. (Philosophical interlude). Why do we care about moduli spaces? For one, they are
spaces which have rich structure but are “nice enough” for geometric questions to be tractable.
They form examples of classes of spaces we may be interested in - for instance, the Hilbert scheme
of points of K3 surfaces are some of the only known examples of holomorphic-symplectic varieties
[26]. Even if one is only interested in the geometric objects themselves, considering their moduli
spaces is natural. In particular, many enumerative problems can be solved by considering inci-
dence correspondence and projections to known moduli spaces: see [34, Chapter 27] for 27 lines
in a cubic (a classic example), or [1] for the interpolation problem (a more recent application).

1.2. Hilbert polynomials and Hilbert schemes. Hilbert schemes parametrise closed subschemes
of P", or more generally, closed subschemes of a fixed scheme X. However, the moduli problem
considering all families of such subschemes is not representable. It turns out that a sensible thing
to do is to consider flat families with fixed Hilbert polynomial.

Recall that an A-module M is flat if the functor M ® 4 — is an exact functor. A morphism
@ : X — Y of schemes is flat at p € Xif the stalk Ox ;, is a flat Oy, , (p)-module, and flat if it is flat at
pforallp € X.

Flatness is a kind of “regularity condition” on the fibres of a morphism of schemes. It can
be shown that in reasonable cases® many important invariants such as degree, dimension, and
arithmetic genus are constant along the fibres Xy = @ '(y) of a flat morphism ¢ : X — Y. There
is more on flatness in [34, Chapter 24].

Lemma 1.2.1. A morphism of affine schemes Spec B — Spec A is flat if and only if the corresponding
morphism of rings A — B is flat.

Proof. Flatness can be checked stalk locally. O

Given a subscheme X = V(I) of P", we can associate to it a Hilbert polynomial P. By definition,
P(m) is the dimension of the degree m piece of the graded k-algebra S/I (as a k vector space) for
large m. An introduction to Hilbert polynomials is given in [9, Section 1.9]. The Hilbert polyno-
mial encodes various geometric properties of X:

(1) The degree n of P is the dimension of X.
(2) The leading coefficient of P multiplied by n! is the degree* d of X.

3Specifically, @ : X = Y projective, flat morphism with Y Noetherian and connected.
“The degree of a subscheme is the generic number of intersections with a hyperplane. The clash in terminology is
unfortunate.
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Proposition 1.2.2. Suppose B is a Noetherian scheme, and X C P" x B a closed subscheme. Let t: X — B
be the natural projection. For each' b € B, Xy, can be considered as a closed subscheme of P, with Hilbert

polynomial Py. If v is flat and proper, then Py, is independent of b.
Proof. See [18, III Theorem 9.9] or [34, Corollory 24.7.1]. O

The functor Hilbp , sends a Noetherian scheme B to the set of families of the form:

X —t5 P"xB

x |

B

Here 7tg is the projection, i is a closed immersion, ¢ is proper and flat, with fibres Xy, having
tixed Hilbert polynoimal P.

Theorem 1.2.3 (Grothendieck). The functor Hilbp .. is representable by a projective scheme Hilbp ..

Proof. We sketch the proof, following [16, Theorem 1.9]. Given Z C P" with Hilbert polynomial P,
denote the corresponding ideal I(Z) C S. Let

O(m) = (

T+ m
m

), Q(m) = O(m) — P(m).

So O(m) is the dimension of the degree m-piece S, (as a k-vector space). For large m, Q(m)
is the dimension of the mth graded piece I(Z),,. We assert that there exists an m such that for
all closed subschemes Z, I(Z) is generated by I(Z)y,. So Z is determined by I(Z),,. We can
consider I(Z), as a vector subspace of S;,. Hence each Z corresponds to a point of the Grass-
mannian Grg(m)(O(m)). The proof finishes by showing that this defines a closed subscheme of
Grq(m)(0O(m)) which represents Hilbp ;.. O

Definition 1.2.4. The scheme Hilbp . = Hilbp(P") is called a Hilbert scheme. Denote a point in
Hilbp (P") corresponding to the subscheme V(I) = Z C P as [Z] or [I].

There are many generalisations, which can be found in [16, Section 1.B].

Definition 1.2.5. Fixing a subscheme X C P", we can define Hilbp (X) parametrising subschemes
of Z which are closed in P" and have Hilbert polynomial P.

Remark 1.2.6. If X is a closed subscheme of P", then the above construction defines the Hilbert
scheme of closed subschemes of X with fixed Hilbert polynomial.

1.3. Tangent spaces to Hilbert schemes. One virtue of the Hilbert scheme is that we can describe
the tangent space at a point [Z] as the space of global sections of the normal sheaf Nz ;x, which is
useful for calculations. Recall that the tangent space to a scheme X at a closed point x with residue
field k, denoted TX, is the set of morphisms Spec(k[e]/e?) — X which sends the closed point to
x. It has the structure of a k-vector space”.

Example 1.3.1 (Tangent space to A™). At a closed point x € A™, the tangent space is TyA™ = k™.

SWe can construct the tangent sheaf or consider the total space as a scheme, but here we will only be concerned with
the vector space structure.
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Example 1.3.2 (Tangent space to the Grassmannian). Consider the Grassmannian Gr¢(r) of (-
dimensional linear subspaces of an r-dimensional vector space V. The tangent space at a point
[W] € Gr¢(r) is isomorphic to Hom(W, V/W). Indeed, the Grassmannian Gr¢(r) can be covered by
open sets of the form

Ut ={W € Gr¢(r)WNT = {0}},
where T C A™ is a linear subspace of dimension r — (. Fix W € Ut. Then any W’ € Uy can be
identified with an element ¢ € Hom(W, T) by

Q= W, ={w+opw)we W}

Since W is an affine space of dimension { and T is an affine space of dimension r — {, we can
identify Ut = Hom (W, T) = A*"~Y). Thus, we may identify the tangent space of Ut at [W] with
Hom (W, T). The space T is naturally isomorphic to the quotient V/W and the result follows.

.
Wo

w+ @(w
— | W

1= w

FIGURE 2. Tangent space to Grassmannian considered as elements of Hom(W, T).

Remark 1.3.3. We can think of V/W as the normal directions to W € Gr¢(r), and the tangent
vector corresponding to @ € Hom(W,V/W) as specifying a deformation of W into a “nearby”
linear subspace by shifting in the normal direction at each point. This idea generalises to Hilbert
schemes.

Definition 1.3.4. Let Z be a closed subscheme of scheme X. The normal sheaf is
Nz/x = Homo, (3/9%,07) = Homo, (J,0z),
where J = Jz /x is the ideal sheaf of Z in X.
In particular, if X = SpecA is affine and Z = V(I) for an ideal I C A, then N /x is the sheaf
associated to the A-module Homa (I, A/I).

By the universal property, a morphism Spec(k[e]/e?) — Hilbp  sending the closed point (€) to
[Z] corresponds exactly to a flat family
2 — > P" x Spec(kle]/e?)
@ l”Spec(k[e]/ez)
Spec(klel/e?)
whose fibre over (e) € Spec(kle]/e?) is Z. More generally, for Z a subscheme of X, a flat family

2 C X x Spec(klel/e?) — Speck[e]/e? whose fibre over (¢) is Z is called a first order deformation of
Z in X. We can think of them as infinitesimal deformations of Z.

Theorem 1.3.5. For Z a closed subscheme of X, the space of first order deformations of Z in X is the space
of global sections of Nz /x.
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Proof. We follow [10, Theorem VI-29]. Consider a family Z over Spec(k[e]/ €?), not necessarily flat,
with 2.y = Z.

For U C X an affine open, let V= ZNUand V = ZN (U x Speck[e]/e?). Let A be the coordinate
ring Ox(U) and I = I(V). Then Nz /XIV is the sheaf associated to Homa (I, A/I). The coordinate

ring on U x Speck[e]/e? is A ® k[e]/e?. Write elements of this ring as f + eg with f,g € A. We
have

I(V) = (f1 +€gi1y..., fx + €gx).
By hypothesis, this pulls back to I(V) under the inclusion A — A ® k[el/e?, so f; generate I(V).

We claim that there exists an A-module homomorphism ¢ : I = A/I which sends f; to g; if and
only if V — Speckle 1/€2 is flat.

Indeed, the morphism V — Speck[e]/e? is flat if and only if the coordinate ring
B = 0z(V) = (A @klel/e*)/1(V) = (A/1(V)) @ klel/€?

is flat over k[e]/e? (Lemma 1.2.1). Since (€) is the only non-zero ideal of k[e [e] /€2, this is equivalent
to (e) ® B — B being injective. i.e. for f € A,

efcI(V) = fellV).
Suppose there exists a homomorphism ¢ : I — A/I with ¢@(f;) = gi. If ef € I(V), then

ef:Z(ai—i—eb i+ €gi) Zalf +eZ aigi + bifi),
for aj,bi € Aand > aifi =0. Then }_aigi = ¢@()_aifi) =0and thus f = >_ bif; € I(V).

Conversely, if B is flat over k[e]/ 1/€2, then

Zaifi:O:>eZaigl Zal i +gie) € [(V).

So Y aigi € I(V) and ) aifi — )_aigi gives a well-defined homomorphism I — A/I, as re-
quired.

The result follows from the claim. Indeed, flatness is affine local so Z is a flat family if and only
if it can be covered by flat families V. Given a section of N7 /x, take Z to be given locally by

{f+ep(f)If € I(V)},

which is a flat family by the claim. Conversely, given flat Z, we obtain ¢ by applying the con-
struction in the claim affine locally and gluing. O

Corollary 1.3.6. The tangent space of Hilbp (X) at [Z] is given as
Tiz) Hilbp (X) = H%(Z, Nz, x).
Corollary 1.3.7. Given an ideal 1 of S = k[xo,...,xn] and Z =V (1), T;z;(Hilbp(P")) = Homs (I, S/I).

Remark 1.3.8. A more concrete viewpoint is considered in [16, Section 1.C]. In the proof of Theo-
rem 1.2.3, the Hilbert scheme is constructed as a subscheme of a Grassmannian, with the degree
m part S,y considered as a k-vector space, and ideal I(Z), corresponding to closed subscheme Z
considered as a vector subspace of S, for some large m. Applying Example 1.3.2, a tangent vector
in Tiz) Grg(m)(O(m)) corresponds to @ € Homy (I(Z)m, Sm/1(Z)m). We want to know when such
a tangent vector lies in the tangent space of Hilbp (P"). This motivates the definitions, and such a
line of reasoning can be used to derive Corollary 1.3.6 for this case.
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1.4. The Hilbert scheme of points. We arrive at the main object of interest.

Definition 1.4.1. The Hilbert scheme of points of X, denoted Hilb%(X), is the Hilbert scheme of sub-
schemes of X with constant Hilbert polynomial P = d. i.e. the Hilbert scheme of dimension zero
subschemes of length d.

Remark 1.4.2. Suppose X is quasi-projective, so open in some projective scheme X. Then finite
closed subschemes of X are also closed subschemes of X. Hilb?(X) exists, so Hilb%(X) also exists.

For X = Spec A and Z = V(I), we will often interchange [Z] and [I] for the corresponding point
in the Hilbert scheme. The colength of an ideal I of a k-algebra A is the dimension of A/I as a
k-vector space. We may analogously define the Hilbert scheme of points of a ring A, Hilb4(A), is the
Hilbert scheme of ideals I of colength d. It is clear that Hilb4(A™) = Hilb4(R).

The Hilbert scheme of points has many nice properties inherited from being a Hilbert scheme.
It is quasi-projective, universal, and we can describe the tangent space at [Z] € Hilb%(X) in terms
of the normal sheaf. For any scheme X, Hilb%(X) contains points corresponding to subschemes
which are collections of d distinct closed points. So Hilb%(X) is naturally related to the symmetric
product

S4(X) = X4/Sq,

the quotient of the d-th power of X by the action of the symmetric group Sq which permutes the
points. More precisely, there is a morphism

@ : (Hilb%(X))rea — S4(X)

called the Hilbert—Chow morphism [11]. This sends a [Z] € Hilb%(X) to the points of its support
{pi}, with multiplicities a; given by the length of Oz ,,.. Write such points as }_a;p; € S4(X).

Proposition 1.4.3. If X is connected, then Hilb®(X) is connected.

This is true in general for Hilbert schemes, proven by Hartshorne [17]. Fogarty [11] gives a
short proof in the specific case of the Hibert scheme of points using the Hilbert-Chow morphism.
Since S94(X) is connected, it suffices to show that the closed fibres of ¢ are connected. If _ a;p; is
a closed point of S4(X), with p; distinct points of X and )} a; = d, then the set theoretic fibre of
Hilb%(X) over this point is

[ [Hilb*(Z5),
where Z; = Spec Ox p,/ mgi. Thus we reduce to the local case. The result then follows from the
following lemma.

Lemma 1.4.4. [11, Proposition 2.2]. Let A be a finite dimensional, local k algebra. Then Hilbd(A) is
connected for all d.

Proof. Let r = dimy (A), m the maximal ideal of A. Hilb4(A) is a closed subscheme of the Grass-
mannian Grq(A) = Grq(r), considering A as a k-vector space and ideals as vector subspaces, (cf.
proof of Theorem 1.2.3). The units 1 + m form a unipotent group under multiplication. They act
on A via multiplication, giving a map

p:1+m— SL(d).

em() () )

This in turn defines
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where for the first map we take /\9p, and the second map is the natural projection. This induces
a group action on Grg(A) C P(AYA). In words, we are multiplying the basis vectors of a linear
subspace by elements of 1 + m. The fixed points of this action are the quotients A/V such that
(1 +m)V =V, which are precisely the ideals of A. Hence, Hilb™(A) is given by the set of fixed
points.

In general, if we have a unipotent algebraic group G acting on a closed subscheme Z of PN in-
duced by a group homomorphism G — PGL(N), then the set of fixed points is connected. Fogarty
proves this by induction arguments, which we leave for an interested reader. O

Fogarty shows that for a surface S, Hilb%(S) is exceptionally well-behaved.

Theorem 1.4.5 (Fogarty [11]). Suppose S is a non-singular surface over a field k. Then Hilb%(S) is a
non-singular scheme of dimension 2d.

Proof. Fogarty uses that Hilb4(S) is connected. The open subset of Hilb4(S) corresponding to
distinct points has dimension 2d. Thus Hilb4(S) has at least one irreducible component of dimen-
sion 2d (the smoothable component, see section 2.1). It suffices to show that the tangent space to
Hilb%(S) has dimension < 2d for any point.

Let [Z] € Hilb4(S) with corresponding sheaf of ideal J, with Supp(Z) = {p1,...,pt}. We have
that

Tiz Hilb4(S) = Homo, (J,0s/9) = | | Homgy , (Tpi Oz,p,)-
i

We thus reduce to the following commutative algebra result, whose proof we omit. O

Lemma 1.4.6. [11, Lemma 2.5]. Let A be a 2 dimensional regular local ring, 1 an ideal of A which is
primary for the maximal ideal m. If the length of A/1is equal to d, then the length of Homa (I, A/I) < 2d.

Remark 1.4.7. Nakajima [25] presents a very short proof of Fogarty’s result using homological
algebra. The exact sequence

0 Ix Ox Ox/Ix =0z —— 0

gives rise to the exact sequence
0 —— Hom(0z,0z) —— Hom(Ox,0z) —— Hom(Jz,0z)
—— Ext'(0z,07) —— Ext'(0x,0z) —— Ext'(92,07)
—— BExt?(0z,07) —— Ext?(0x,0z) —— Ext?(Jz,07) —— 0.

The Euler characteristic ) ; Ext'(Jz,07) is independent of Z. Ext'(Ox,0z) = HY(X,0z7) =
HY(X,0,(m)) = 0 for sufficient large m (by Serre vanishing). So we have Ext%(Jz,0z) = 0 and
Ext'(Jz,0z) = Ext?(0z,0z). By duality,

Ext*(0z,0z) = (Hom(0z,0z ® Kx))¥ = (Hom(0z,02))" = (Hom(0x,02))".

This has dimension d independent of Z. So dim Hom(Jz, Oz) is independent of Z, which implies
smoothness.
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Another alternative proof for S = A? is given in Section 3.3. For surfaces, Fogarty’s results have
many interesting consequences and the Hilbert scheme of points of a surface is an active area of
study. However, this behaviour is an exception rather than a norm. For instance, we have the
following result.

Proposition 1.4.8. HilbP*™(A™) = [3_, Hilbd(A™) is singular for alln > 3.

We defer the proof to Section 2.1. In fact, we will see that Hilbert schemes of points in general
are arbitrarily badly behaved.

2. PATHOLOGIES OF THE HILBERT SCHEME OF POINTS

How bad con

Murphy'
4 be 2 vrp aslnm

opplies

Law 2.0.1 (Murphy’s Law). Anything that can go wrong, will go wrong.

In general, Hilbert schemes are rather horrible. Mumford demonstrated a component of a
Hilbert scheme which is everywhere non-reduced [23] (see also [16, Section 1.D]). Vakil [33] showed
that any singularity type, finite type over Z, can be realised on some Hilbert scheme, a result
known as Murphy'’s Law for Hilbert Schemes. Vakil also showed that Murphy’s law applies to many
other well-known moduli spaces. Heuristically, there are two ways in which this arises. Firstly, it
is often the case that whenever we wish to parametrise some “nice” geometric objects, in order to
obtain a moduli space with nice properties (such as properness), we are forced to throw in some
badly behaved objects too. Secondly, moduli spaces can be rather nasty despite parametrising
perfectly reasonable objects.

Hilbert schemes of points too inherit this pathological behaviour. We briefly discuss some ex-
amples, as well as Jelisiejew’s formulation of Murphy’s law for the Hilbert scheme of points.

2.1. The shape of Hilb?(X). We start with some simple examples to demonstrate some patterns,
before giving examples of more pathological behaviour.

Example 2.1.1. Hilbd(A'). We are looking for I C k[x] with finite colength(I) = d. Such I are
principal ideals generated by an element of the form

d

f(x) = [ J(x — ai),

i=0

for a; € k not necessarily distinct. So Hilb4(A') = S4(A') and has dimension d.
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When the a; are distinct, the resulting ideal corresponds to d distinct points. We can consider
“fat” points with multiplicities as the result of some of these points “colliding”. In general, we al-
ways have a component of the Hilbert scheme of points containing those subschemes which are d
distinct points or a result of “collisions”. Denote by HilbZ (X) the points in Hilb?(X) corresponding
to d distinct points and let Hilb$, (X) be its closure.

Proposition 2.1.2 (Jelisiejew [21]). Suppose X is an irreducible, smooth k-scheme. Then Hilbgm(X) is
integral for all d. Moreover, if X is a quasi-projective variety of dimension n, then HilbS (X) is a quasi-
projective variety of dimension dn.

Remark 2.1.3. We are working over k algebraically closed, but this is not necessary. In general, we
require X to be geometrically irreducible.

Proof. See [21, Proposition 4.29]. If X is projective, then Hilbgm(X) is a closed subscheme of a
projective scheme and so projective. For X quasi-projective, it is an open set of a projective scheme
X, and Hilbd (X) is an open set of Hilbd, (X), hence quasi-projective.

Consider the product of X with itself d times, X*9. Let X%° be the subscheme obtained by
removing the (closed) locus where points in the product coincide. The Hilbert-Chow morphism
Hilb4(X) — S9(X) restricts to Hilb¢(X) — X9°/S4. This is an isomorphism, and X*4 is irreducible
over k, so it follows that Hilbf)1 (X) is irreducible, and so is Hilbgm(X).

Moreover, Hilb¢(X) is smooth. Indeed, considering each distinct point separately, we reduce
to the case that d = 1. Then Hilb4(X) = X, which gives the claim. Hence, Hilbfm(X) is reduced.
Finally;, Hilbd(X) has dimension dn, so Hilbgm(X) has dimension dn too. O

We call Hilbd, (X) the smoothable component. We say that a finite closed subscheme Z of a scheme
X is smoothable in X if there exists an irreducible scheme T and a closed subscheme Z C X x T with
a flat family Z. — T such that:

(1) T has a k-rational point t such that Z; = Z.
(2) For n the generic point of T, Z,, is a smooth scheme over 7.

A finite subscheme over k algebraically closed is smooth over k if and only if it is a disjoint
union of k-points [21, Lemma 4.22]. So (considering base change) we can think of a smoothable
subscheme Z as the limit of d distinct points. Jelisiejew proves the following.

Proposition 2.1.4. [21, Proposition 5.22]. The smoothable component consists precisely of the smoothable
subschemes.

We return to Proposition 1.4.8.
Proof of Proposition 1.4.8. By the above discussion, it suffices to find a d and an I C S such that
dimy Ty Hilb4(A™) = dimy Homg (I, R/T) # nd. We take
I= (Xh---axn)r)

forr > 2. Thend = (“+T:_]) and it is shown in [29, Lemma 1.8] that

: n+r—2\/m+r—1I
dlmkHoms(LS/U:< n—1 )( n—1 )

<n+r—2> nd
= X —.
n—1 T
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For r > 2 and n > 2, the right hand side is greater than nd. 0

Example 2.1.5. Hilb4(A2). Again we have points corresponding to d distinct points. However,
there are many more ways to have “fat” points. For instance, the ideals

L = (XZ,X—y) I = (X7y2)
are both supported at 0 and have colength 2. As in the proof of Theorem 1.4.5, an often useful
reduction is to ideals I C k[x, y] that are supported at a single point. The support of such an ideal
I; € Hilb%(A2) is given by the radical y/T;. Since we are considering finite subschemes, this is
maximal. We have that \/I; # ﬁ if and only if I; and I; are coprime. If V(I) = U™, V(I;), then
[ =N, ;. Moreover,

m
colength(I) = Z colength(I;).
i=1

In the case that I is supported at a single point, S/I is local, with maximal ideal v/I. Usefully,
statements about I; can be extended to statements about I, for instance:

Proposition 2.1.6. [5, Lemma 4.2]. Let I be an ideal in S = K[x1,...,xn] with decomposition 1 =
NI e Hilb4(A™). Then V(1) is smoothable ifeach V(1) € Hilb%i (A™) is smoothable.

Restricting our attention to monomial ideals, we can classify using Young diagrams. If I is a
monomial ideal, then S/I has a natural basis of monomials x“y®. The collection of these (a,b) we
can put into the diagram. For instance, if I = (x3, x?y,y?), then a monomial basis of S/I is

{1,%,y,x%, xyl,
and the associated Young diagram is given in Figure 3.

Y |xy
11 x [x

’]

FIGURE 3. Young diagram for I = (x3,x?y,y?).

Example 2.1.7. Hilb®(A*). This is an example of a Hilbert scheme of points with a component of
dimension smaller than that of the smoothable component, due to Cartwright-Erman—-Velasco-
Viray [5]. It is not hard to see that Hilb®(A%) is reducible by demonstrating an ideal at which
the tangent space has less than the expected dimension of 4 x 8 = 32. The example given in [5,
Proposition 5.1] is

J = <X%,X]X2,X%,X%,X3X4,X%,X1X4 + X2X3>>
which has Hom(J,R/]) =32 —7.
More generally, they prove the following;:

Proposition 2.1.8. [5, Theroem 1.2]. Forn > 4, Hilb® (A™) has two components: one of dimension §n
and another of dimension 8n — 7.

We sketch some ideas of the proof. We want to know which [I] are contained in the smoothable
component. Proposition 2.1.6 allows us to reduce to the local case. For (A, m) a local k-algebra, its

Hilbert function is h; = dimj m*/m**'. We will denote this by a tuple h. Note that (when finite)
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the dimension of A as a k vector space is ) h;. We can consider the subscheme H% C Hilb4(A™),
which consists of those ideals I supported at the origin, and such that S/I is a local k algebra with
Hilbert function h. These are the multigraded Hilbert schemes (see [5, Section 4.2]). We have a closed
immersion H% — Hilb4(A™).

Lemma 2.1.9. [5, Theorem 4.23]. With the exception of local algebras with Hilbert function (1,4,3),
every algebra with d < 8 is smoothable.

The proof is omitted. Cartwright-Erman—Velasco—-Viray prove this using a case by case analysis
of the possible h.

Lemma 2.1.10. [5, Proposition 3.3]. For e € Z-~¢, the subscheme ng ;‘t‘; is irreducible.

Again we omit the proof. The idea is to show that it is isomorphic to Gr(n;])i e((“;”)) via

functors of points.

In the case of n = 4,d = 8, H% 43) has dimension 21. We have so far considered ideals sup-

ported at the origin, and we can translate to any point of A%. Heuristically, we obtain an irreducible
component of Hilb®(A%) isomorphic to H% 43) % A%, which has dimension 21 +4 = 25 =32 — 7.
This is proven in [5, Lemma 5.8]. Combining with Lemma 2.1.9, we obtain Proposition 2.1.8 in the
case n = 4. The case n > 4 is similar.

As a consequence, any Hilbd(A“) for d < 7 is irreducible. In the reducible case, Cartwright—
Erman-Velasco-Viray also describe the intersection. Few other components of smaller dimension
are known [21, Section 5.6].

Example 2.1.11. There are also families Z — Hilb%¢(X) which have dimension larger than dn,
where dim X = n.° The following construction is adapted from Iarrobino’s in [19].

Consider Hilb4(A™). Let m € Z- and split the degree m monomials of R = k[x1,...,xy] into
two sets
V1,V2y...y Vs and K1y K2y - -y Kty
withs=t,ors=t+1.

There are (““;Tr]) monomials of degree m, so s, t > m™1/2(n — 1)!. For each B € Matgxt,

consider

H1 Vi
AB = +B .
Ht Vs

m+1

Let Ig be the ideal generated by the rows of Ag and m , where m = (x1,...,xn). Then Ip

has colength

d = (# monomials of degree < minR) —t = <m: n) —t<2m"/nl,

for m > 2n2.

®This is a different flavour of result to Example 2.1.7. The components that these families are contained in are not
known [21, Chapter 1].
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For B # B/, we have Ig # Iz and so we have a family of ideals of dimension
y
st > m?"2/4((n— 1?2,

for the given m. Combining these inequalities and setting m sufficiently large, we obtain the
dimension of this family as

t> | — s = az-2/m,
> (7) e

For large d, this is greater than dn, so we have found a family with larger than expected dimen-
sion. larrobino uses regular local rings to apply this construction to any non-singular projective
variety of dimension n > 2.

Example 2.1.12. An explicit example of larger dimension is Hilb”8(A3) (see [21, Example 5.44])
found by larrabino. The locus irreducible subschemes corresponding to local algebras with Hilbert
function (1, 3, 6, 10, 15, 21, 17, 5) has dimension 235, which is one greater than 3 x 78 = 234.

To summarise, we have seen that Hilb%(X) generally has many components, which includes a
smoothable component, and potentially some components of smaller dimension. There may be
families too large to fit inside the smoothable component. Moreover, Reeves [28] shows that every
component of the Hilbert scheme of points intersects with the smoothable one.

Many questions about the shape of Hilb%(X) remain active areas of research, such as which
Hilb%(X) are irreducible or which ideals are contained in the smoothable component (i.e. which
finite algebras over k are smoothable) [21]. We summarise with a picture (see Figure 4).

very little Rnown
un of inwkrsecnons

d distinct
/ Points

Smoothoble
component

components

not mvch oF higher

Rnown dimension

components of
lower dimension

FIGURE 4. The Bellis Hilbertis, named by Jelisiejew [21, Page 2].
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2.2. Murphy’s Law. Vakil [33] defines what is meant by Murphy’s law applies as the following.
A singularity type is an equivalence class of pointed schemes under the relation generated by:
(X,x) ~ (Y,y) if there is a smooth morphism (X,x) — (Y,y). We say Murphy’s law applies for a
space M if every singularity type of finite type over Z appears on this space. Vakil demonstrates
many examples of moduli spaces for which Murphy’s law applies.

For the Hilbert scheme of points, Jelisiejew [20] defines and proves the following;:
Definition 2.2.1. A retraction is a morphism of pointed schemes (X, x) — (Y,y) with a section.

Definition 2.2.2. Murphy’s Law holds up to retraction for a space M if, for every singularity type 9,
there is a representative (Y,y) of §, an open subscheme (X, x) of M, and a retraction (X, x) — (Y,y).

Theorem 2.2.3 (Jelisiejew [20]). Murphy’s Law holds up to retraction for HilbP'* (A}).

Here HilbP*(X) = [ [3_, Hilb%(X). This result extends to Ay formn > 16.

To understand what this means, we briefly discuss complete local rings. When we want to
understand the “local behaviour” of a scheme at a point as in the sense of differential geometry, it
is often insufficient to consider the local ring, since the Zariski topology is very coarse. We need
to pass to completions. More on completions can be found in [18, Chapter I1.9].

Definition 2.2.4. The complete local ring of a scheme X at a point x is the completion Ox , of the
local ring Ox , i.e. the inverse limit of (‘)X,X/mQ’X.

For Noetherian schemes, the complete local ring Ox  is regular if and only if Ox_, is regular.
We can see how at a regular k point x € X, X “locally” looks like affine space” using the following:

Theorem 2.2.5 (Cohen Structure Theorem?®). If A is a complete regular local ring of dimension n con-
taining some field, then A = k[[x1,...,xn]l.

Example 2.2.6. Suppose X plane nodal cubic curve given by y?> = x?(x + 1). Then the complete
local ring at the origin is k[[x, yll/(xy), which corresponds to the fact that near the origin, X looks
like two crossing lines.

The following is a corollary of Jelisiejew’s result.

Corollary 2.2.7. [20, Corollary 5.1]. Let M = HilbP*(A1®). For every singularity type G, there exists
a representative (Y,y) of G and a point on M with complete local ring @y’y ([t1,...,t]]/1 for some I such
that Oy, N1 =0.

Proof. By Murphy’s law up to retraction, we have a retraction r : (M,x) — (Y,y) and a section
s : (Y,y) — (M,x). This induces a homomorphism of local rings sy : Oy,y — On¢x, which is
injective since s is a section. M is finite type of Z, so this implies Ox x is finitely generated over
Ov,y. Now take completions. O

Remark 2.2.8. Heuristically, X — Y is smooth if X is given by locally adding smooth coordinates
to Y (see Figure 5). We may think of two singularity types being equivalent up to retraction if we
“add coordinates” that have relations between them. For instance, with X = V(xy) C A?, and any
f : X =Y, the projection X x Y — X is a retraction, with section given by (id, f). So for k-points
p € Yand o = V(x,y) € X, the singularity types (X,0) and (X x Y, (p,0)) are equivalent up to
retraction. We have that Ox v, (p,0) = Ov,p[x,yl/(xy). We can think of x, y as the new coordinates.

7For k = C this is local in the sense of the analytic topology.
8This is a slightly different formulation to usual. See [9, Theorem 7.7].
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FIGURE 5. Node X = V(xy) C A? has singularity at origin. The projection Xx A! —
X is smooth, so (X,0) ~ (X x A, (0,0)).

As a consequence, we can show the existence of many types of pathological behaviour on
HilbP® (AT}).

Corollary 2.2.9. HilbP*(A%) and HilbP*(A%) are non-reduced for n = 16.

Proof. Apply Theorem 2.2.3 with [Spec(Z[u] /u?), (uw)]. It suffices to show thatif f : X — Yisa
retraction with x € X, y = f(x), then y a non-reduced point if and only if x is non-reduced. This
is clear since we have an injective map on stalks sy : Oy — Ox x. The second result follows by
base change. O

We mention some of the ideas of the proof of Theorem 2.2.3. Vakil’s method to prove Mur-
phy’s law for Hilbert schemes is a “bootstrap” method, which starts with Murphy’s law for the
incidence scheme of lines and points, then successively relates different moduli spaces to each other.
Jelisiejew’s strategy is an extension of this. There is a G, action on A}, which gives an action on
H = HilbP®(A}). The generalised Biatynicki—Birula decomposition gives a scheme H; with morphism
0 : 5} — H and a retraction 7t : H* — HCEm. Vakil’s results can be used to show that Murphy’s
law holds for 3®m, but the problem is that 6 may not be an open immersion. Jelisiewjew uses
TNT frames to refine this argument into a proof.

Remark 2.2.10. Jelisiejew’s proof is not constructive, although an example of non-reducedness
was shown for Hilb>%82 (A1) (see [20, Example 5.4]). For an example with smaller d, Szachniewicz
[31] uses similar methods to show that Hilb'3(A®) is also non-reduced.

3. BOUNDS ON DIMENSION AND MOST SINGULAR POINTS

The singular points of an integral k-scheme X of finite type are those points p where dim; T, X >
dim X, so we can view this dimension as some measure of singularity. Murphy’s law says that we
may have (up to retraction) arbitrary singularities on HilbP*(X). However, we do have a bound
on the singularities of Hilb(X) which varies with d, given by Briangon-Tarrobino.

Theorem 3.0.1 (Briangon-Iarrobino [4]). There are non-zero constants a(n) and b(n) depending only
on n such that if [1] is a point on Hilb® (P™) with maximum dimension tangent space, then

a(n)d?=2™ < dimT(I) < b(n)alZ—2/m),
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The lower bound is given by the families discussed in Example 2.1.11. In [4], Briangon-larrobino
reduce the problem of finding the maximum dimension tangent space to the case of Borel fixed
ideals. In particular, these are monomial ideals. We discuss this in Section 3.1 and Section 3.2.

In Section 3.4, we discuss Conjecture A, which is that the maximum dimension tangent space

is obtained at m". Note that Conjecture A is equivalent to the analogous statement for m =
n+r—1
(X1y...y%Xn) € R considered as a point of Hilb(" "% )(A“). Ramkumar-Sammartano [27] obtain

a partial result for Hilb¢(A3) by splitting the tangent space into parts. For I a monomial ideal, T(I)
has a natural Z™-grading, which we describe in Remark 3.3.1.

Definition 3.0.2. [27, Definition 0.1]. A signature is a non-constant n-tuple on the two element set
{p,n}. Here p will mean non-negative, n will mean negative. Let & be the set of signatures and
foreach s € &, let

Zg ={(ax1y...,0n) €Z" 10y = 0if sy =p, oy < 0if sy =n)},

T(D) = € IT(Mla € T(D),

xELY

where [T(I)| is the « graded component of T(I) of degree o« € Z™.

Theorem 3.0.3 (Ramkumar-Sammartano [27]). Let d = (”;2) and [1] € Hilb%(A3) be a Borel-fixed
ideal. Then for s € {ppn,nnp,pnp,npnjand anyr > 1,

dimy Tg (I) < dimy T (mr))

and in each case, equality occurs if and only if I = m".

3.1. Reduction to Borel fixed points. In the proceeding discussion, we work with X = P™. The
case of A™ immediately follows. We follow [9, Chapter 15], which has more detailed discussions.
Let G = GL(n+ 1,k). This acts on S = k[xg,...,Xn] via

g-1 1% =11(2_ g)”
j i

j
The Borel subgroup B of G is the subgroup of (invertible) upper triangular matrices.

A monomial order is a total ordering on monomials of S satifying: for all n # 1 a monomial of S
and my, m; monomials with m; > my, have nm; > nm; > my. We can extended this notation
to terms (i.e. um where u € k and m a monomial) by saying umj > vm; for m; > m;. This is not
an ordering, or even a partial ordering, but useful notation.

Example 3.1.1. (1) The lexicographical ordering is given by x5° ... xan > xg" ...x2n if one of the
following occurs: (i) >_a; > ) by; or (i) )_a; = ) b; and a; < by with the first index i
for which a; # b;.
(2) The reverse lexicographical ordering is similar to above, but with the last index instead of the
first.
(3) A weight function is A : Z™ — Z linear. From A, we obtain a partial order, the weight order
associated to A, given by x@ > x® if A(a) > A(b).

Remark 3.1.2. While the discussion holds for any monomial ordering, the reverse lexicographical
ordering has desirable properties which are useful for applications [9, Chapter 15.7].



20

Definition 3.1.3. Given a monomial ordering > and f € §, the initial term of f, denoted in- (f) or
in(f), is the greatest term of f with respect to this ordering. For an ideal I of S, in~ (I) = in(I) is the
ideal generated by in(f) for f € L.

Example 3.1.4. Let n = 3. For convenience, we denote x = xo,y = X1,z = x2, and P =
Projk[x,y,z]. Consider the ideals I; = (x3,x*y —y3,y?z —xyz) and I, = (x — z,y — z), and
let I = I;1,. Then V(I) is supported at 2 points, [0: 0: 1] and [1 : 1 : 1]. With respect to the reverse
lexicographical ordering,

in(I) = in(I) in(I2) = (x*, 4%, xu?, xy’z, X%y, y2),
which is supported at [0: 0 : 1].

Remark 3.1.5. We can think of in(I) as a flat limit. For any I there exists a weight A such that
in-, (I) = in~(I) (proof omitted, see [9, Proposition 15.16]). For t # 0, consider the action of
the diagonal matrix § with diagonal entries (t~2o,...,t ™). For t # 0, § is invertible and S/I
is isomorphic to S/5(I). Ast — 0, 8(I) limits to in-, (I). In fact, this describes a flat family of
points in Hilb4(P™) which limits to [in(I)]. Since in(I) is in the smoothable component, which is
connected, this is another proof of the connectedness of Hilb4(A™). More details can be found in
[9, Chapter 15.8].

Remark 3.1.6. We can view this geometrically. Recall that P™ is a toric variety and there are 1
parameter subgroups given by

X:C* = PMt— (1 ML,

These act on P™ via the torus action. We can consider what happens when t tends to 0 (the flat
limit). This sends a point in P™ to one of the distinguished points, depending on A;.

Fix a monomial ordering >. Let U C § be the subgroup consisting of upper triangular matrices
with 1s down the diagonal.

Theorem 3.1.7 (Generic initial ideal). Let I C S be a homogeneous ideal. There exists a Zariski open U
which is Borel fixed, meeting U non-trivially, and a monomial ideal | such that for all g € U, in(gl) =7J.

Definition 3.1.8. With I, ] as above, ] is called the generic initial ideal of 1, denoted Gin(I).

Proof. We follow [9, Theorem 15.18]. Consider the degree { parts I, of  and S¢ of S. Let fy,...,f¢
be a basis for I;. Let h = (hj;) be a matrix of indeterminates. Recall that the symmetric product of
S¢is given by

A'Sy = Span, ({a1 A... N\ ada; € Sel/ ~ ),
where a1 A\...Nay ~o(aj)A...ANo(ay) forall o € S¢. Call an element of the form m; /... Amy,
where m; are monomials of degree {, a monomial of /A\'Sg. For m # 0, we may write this so that
my > ... > m and we can order such expressions lexicographically.

Then h(f) A...Ah(f) is a linear combination of monomials with coefficients that are polyno-
mials in the hi;. Suppose that m; /A ... /A my is the earliest monomial that appears (with respect
to the ordering) with non-zero coefficients. Let the coefficent be p¢(hq1,...,hy), and let

Ue ={g = (gij) € Glpe(gr1y...,grr) # 0L

By definition, the degree { part of in(gl) is (my,..., m¢) if and only if g € U,. Let J; be the
subspace of Sy spanned by my,...,my.
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Claim that ] = @], is an ideal (i.e. closed under multiplication). It suffices to show that for all ¢,
S1-Je € Jey1. Since Uy, Uy 1 are dense open, there exists a g € Uy N Ug 1. Then in(gl)e = J¢ and
in(gl)es1 = Jer1- Asin(gl) is an ideal, the assertion follows.

Finally, we show that U = N ; U, is Zariski open and dense in §. In fact, this intersection is
finite. Suppose that ] is generated by elements of degree < e. Then given g € N§_; Uy, in(gly) = J
for all £ < e. Thus in(gl) O J, and considering the dimensions of the degree { parts (as k vector
spaces), we conclude that in(gl) = J. Thus U = N§_, U, and result follows.

O

Proposition 3.1.9. For k an infinite field, the generic initial ideal is Borel fixed i.e. for all g € B,
g(Gin(I)) = Gin(I).

Proof. This is from [9, Theorem 15.20]. Replacing I by gl if necessary, we may assume in(I) =
Gin(I). The Borel subgroup B is generated by (i) diagonal matrices  with diagonal entries 6;; and
(i) vij, where yi; has 1s down the diagonal, a single 1 in position i, j with i < j, and 0 elsewhere.
The diagonal matrices fix all monomials, so it suffices to check that

Yi,j(in(I¢)) = in(Ie).

Write y = v;,j. Let f1,...,ft be a basis for I; ordered by > and consider f = f; A ... /A fi. Have
thatin(f) = in(f1)A...Ain(f). If y(in(I¢)) # in(1;), then vy in(f) # in(f). Note that terms of y in(f)
other than in(f) are strictly greater than in(f). Let am be a term in yin(f), with 0 # a € k and
m e /\tSe.

From the proof of Theorem 3.1.7, in(I)¢ = J; is spanned by my,..., m{ where

mi; AL Amg =max{ng A... AN AL AN € in(AY(gly)), g € G

This monomial is in(f), and hence for all g, m should appear in g(f) with coefficient 0. We will
show that for some diagonal matrix & € G, m appears with non-zero coefficient in y6f, which gives
a contradiction. To do this, decompose f as follows. For n = any /... Any, let the weight of n be
w = [ [ ni. Let f,, be the sum of all terms in f having weight w.

Let wy be the weight of in(f). Claim that in(f) is the unique term with weight wy in f. Indeed,
if ny /A ... /Ang is any other term, then in(f;) > nq,...,in(ft) > n¢ and so [ [in(fi) > [[ni with
equality only if ny A... Ang =in(fy) AL Adn(fe).

For a diagonal matrix & with diagonal entries (d¢,...,0n), we have that 5(xi) = dix4, and so
5(f) = >_w(do,...,0t)fw. Hence

Y8(f) =D w(Bo,...,8¢)vfw
:WO(éo)"'aét)Yin(f)"i_ Z W(50)---,5t)wa-

WHwWg

Then writing a., for the coefficint of m in yf,,, the coefficient of m in y5(f) is

(1) aWoVVO(éox--->6’C)+ Z awWO(éo)--')ét)-

wW#£wWg

Have a,,, = a, so (1) is a non-zero polynomial in ;. Therefore there must exists a 6 where it is
non-zero, which gives the required contradiction. O
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Remark 3.1.10. It is clear from the definition of Gin(I) that it is a monomial ideal. It also true in
general that any ideal fixed by B is generated by monomials [9, Theorem 15.23].

An ideal I is strongly stable if for any monomial x* € I with a; > 0, we have ’;—;x“ € I for all

i < j. In characteristic 0, Borel fixed ideals are exactly strongly stable ideals. We only need one
direction, which we prove now.

Proposition 3.1.11. A Borel-fixed (monomial) ideal is strongly stable.

Proof. Apply the transformation x; — x; + x;. Since I is a monomial ideal, every monomial in the
resulting sum is contained in I. O

Proposition 3.1.12. Suppose I C S is a homogeneous ideal. Then 1 and Gin(I) have the same colength.

Proof. In fact, S/I and S/ Gin(I) have the same Hilbert polynomial (see [9, Theorem 15.3] and [9,
Theorem 15.26], from which the proof is adapted). Note that g is an invertible k-linear map, so
applying g to S, we see that S/I and S/gI have the same dimension. Hence we may assume that
in(I) = Gin(I). Let B be the set of monomials not in in(I). Claim that this gives a basis for S/I.

We will use that any subset of monomials has a least element. This follows from the fact S is
Noetherian - if we take a set of monomials, the ideal it spans is generated by a finite subset of
these monomials. Take the minimal element of this finite set.

Suppose B doesn’t span. Let g € S/I be an element not in the span of B with representative in S
having minimal initial element. Any element of I can be written f = ain(f) + f’ where f’ consists
smaller terms and 0 # a € k. If g € S contains a term b in(f) with 0 # b € k, then it can be replaced
with —bf’/a with smaller initial element, which contradicts minimality. Thus f must be spanned
by B.

For linear independence, suppose that

p:Zuimi:OEI,
with u; € k,my € B. Then in(p) € in(I) is one of the m;, which gives a contradiction.
Therefore colength(I) = [B| = colength(in(I)) as required. O

Proposition 3.1.13. dimy T(I) < dimy T(Gin(I)).

Proof. Recall that T(I) = Homs(I,S/I). Firstly, we show dimy T(I) = dimy T(gI) for all g € G.
Indeed, consider a k-linear map Homg(I,S/I) — Homs(gl,S/gI), which sends an element v €
Homs (I, S/1) tow € Homg(gl, S/gl) defined as

w(g(f)) = gv(f).
This is well defined since w(gf) € gl if and only if v(f) € I, and S linearity is from the fact
g(ff’) = g(f)g(f’). Since g is invertible, the process can be reversed and the claim follows.

So we may assume that Gin(I) = in(I). Since in(I) is a flat limit (see Remark 3.1.5). The result
follows by upper-semi continuity of the dimension of the tangent space (see [18, III Theorem
12.8)). O

Corollary 3.1.14. The maximum dimension of the tangent space at a point of Hilb®(P™) is obtained at a
Borel fixed ideal. In particular, at a monomial ideal.
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3.2. Young diagrams and bounds on dimension. Recall in Example 2.1.5, we represented mono-
mial ideals in Hilb4(A?) by Young diagrams. More generally, we can visualise monomial ideals
in Hilb4(A™) or Hilb%(P™) for n > 2 by considering generalised Young diagrams made from n-
dimensional hypercubes. Generalised Young diagrams can be considered as generalised partitions
of d. We will often write A for both the partition and the Young diagram.

Note that if A is a Young diagram considered as a subset of ZY, then E = ZZ, \ A satisties
E+N"=E.

Definition 3.2.1. The corners’ of E are the smallest subset F of E such that E = F + Z; o

For a monomial ideal I, the corners of its Young diagram gives a minimal generating set [4,
Section II]. An example is given in Figure 6.

4

FIGURE 6. Young diagram in blue and corners in green for I = (x*,x3y?,xy3,y*).

The length of an ideal I in a Noetherian ring is the minimal number of generators. We can bound
the dimension of the tangent space at Ty Hilb%(A) in terms of the length of I.

Proposition 3.2.2. Suppose that T € Hilb®(A™) has length {(1). Then dim (T Hilbd(A™)) < €(I)d.

Proof. Any morphism of S-modules I — S/I is determined by the image of the generators of I.
Also, S/1 has dimension d. The result follows. O

This is a very rough bound which may be met, but is certainly not an equality.

Example 3.2.3. Consider I = (x?,y?) C k[x,yl. The corresponding Young diagram is in Figure 7.

Y Xy
1] x

FIGURE 7. Young diagram for I = (x2,y?).

Then d = colength(I) = 4. By Fogarty, we know that the dimension of the tangent space is
8 = 2 x 4. We can see this explicitly by defining a morphism I — S/I which maps x?,y? to any of

IThese are called staircases in [4].
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the monomial basis of S/I. There are no relations between x? and y? so any such choice will give
a valid morphism.

Example 3.2.4. Consider I = (x?,xy,y?), Young diagram given in Figure 8.

FIGURE 8. Young diagram for I = (x?, xy, y?).

We know that the bound of 3 x 3 is not met by Fogarty. We can see this explicitly. We cannot
send x? to 0 and xy to 1, since the first implies x?y must be sent to 0 but the second implies it must
be sent to x.

We wish to prove the upper bound of Theorem 3.0.1. Without loss of generality, we may replace
P™ with A™. The following proposition, combined with the reduction to Borel fixed ideals and
Proposition 3.2.2, gives the result.

Proposition 3.2.5. There are constants b(n) depending only on m, such that if 1 is a colength d monomial
ideal of S that is strongly stable, then the length {(1) of 1 satisfies ¢(1) < b(n)d'~1/™.

Proof. This is a modified version of [4, Proposition II.1]. Let v be the largest integer such that for

m= (X1,...,%n), I C m¥butI ¢ m¥*'. On the Young diagram, we can see this as the maximal
diagram of the from m" contained inside A. Since I is strongly stable, (v,0,...,0) is not in A. The
colength ("JFTTI*]) of mY is smaller than colength of I, so

() v/l < ((v+1)...(v+n—1))/nl < d.

We induct on n. For n = 2, the number of corners is at most v + 1, so it follows that
o) < 2d)V2+1 <22 +1)ad/?,
and we may take b(2) = 2172 11,

Suppose we have the result in dimension n — 1. We “slice” the Young diagram of 1. Write
¢={(I).Fori=0,...,v—1,let

Av=An({i} x 2251,

d; = size of Ay,

F; = staircase of A; € 2251 ,

{; = cardinality of F;.
Thend =) diand ¢ < ) ¢ + 1. By the inductive assumption,

egb(n—n(Zdl“/(“‘”) +1.

The map x — x{'=1/("=1)) is concave, so

<Zd11/(n1))/ <(< ) )1—1/(n—1)
i v < Zd1 /v

. Zdil—1/(n—1) <Y/ (=T g1=1/(n=1)
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Substituting in (2), we obtain

and hence
(< bn—1)(n)/n=lgh=1/n 4 g,

Thus we may take b(n) = b(n — 1)(n!)"/("(n=1)) 1 1 and this completes the inductive step. [

Remark 3.2.6. Briangon finds explicit values of b(n) in [4], but these are not optimal. A better
upper bound of b(3) = 3.64 is found for n = 3, see [27, Theorem 4.2].

3.3. Application to surfaces. The reduction to Borel fixed points, combined with the connection
between Hilbert schemes of points and Young diagrams can be used to give an alternative proof

for the smoothness of Hilb%(AZ2). This proof is given in [14], and also explained in [30, Chapter
18.2].

By our discussion in Section 3.1, we can reduce again to monomial ideals I. Haiman uses co-
ordinates around [I] defined by considering Hilb4(A?) as a subscheme of the Grassmannian (cf.
proof of Theorem 1.2.3). Let V;,, be the vector subspace in k[x,y] spanned by the monomials of
degree at most m. Set m > d. The dimension d subspaces W C Vi, for which the monomials
outside I span V;,/W constitute an affine subvariety U of Gr4(Vm) which contains I. Any such
W has a unique k-basis consisting of polynomials of the form

3) Xyt = Y sy,

h,keA
forh,keA,and,s A1 The ¢S form coordinates on the Grassmannian.
) ) hk

To obtain an open affine neighbourhood U of [I] in Hilb%(AZ) we need to consider those W
which come from intersecting V;,, with an ideal J. Then c}j cannot be chosen arbitrarily since ] is
closed under multiplication by x and y. Multiplying (3) by x and expanding again, we obtain

T+1,.s rs Jh+1 k TS h+1k h' k
@ R D M M ) M ]

h+1,keA h+1,kgA h/,k’eA

Equating the coefficients with those in

xT+1 s_ Z Cr+1shk

h,keA

gives relations among the c{j. Similarly, we obtain relations by multiplying (3) by y. These
relations cut out U as a closed subscheme of Spec C[{c}}}]. The point [I] is given by the maximal
ideal m = (cf ). Since the cotangent space is given by Qy;pa,2) (17 = m/ m?, we can represent a
basis of the cotangent space as arrows with tail at r,s € A and head at box h,k ¢ A. We can find
congruences modulo m? as follows: note that in (4) the double sum lies inside m?. Hence moving
the tail and head of any arrow one box to the right doesn’t change the arrow’s class modulo m?.
Thus, we are free to move the arrow to the right. Similarly, we may move arrows vertically.

10Here we write hk € Aif x"y* ¢ I (ie. h,k € A if the box at coordinates h, k are in the corresponding Young
diagram).



26

Remark 3.3.1. For n > 2 we can similarly consider coordinates around [I] for I a monomial ideal

given by CL‘]’;_‘_'.’TQH, which restrict to elements of m/m?2. By the same analysis, the vectors

(h1 _Th---)hn_rn)

2

are fixed under addition by elements in m~, so this defines a grading on T(I).

Ramkumar-Sammartano [27] give a neat presentation. Write I = L%y~ A. We will say that a path
between two points «, 3 € Z™ is a sequence x = v© . y(M) = B such that |y(V) —y(i=1|| =1
for all i. A subset U C Z™ is connected if for any two points in U, there is a path between them. For
V C Z™, maximal connected subset U C V is called a connected component. A set U C Z™ is bounded
if it is a finite set.

Recall the definition of signature in Definition 3.0.2. Now we have

Proposition 3.3.2. If [I] € Hilb4(A™) is a monomial point and n > 2, then T(I) = @¢esTs(1).

Proof. The content of the proposition is that we can exclude the constant tuples. No arrow exists
with signature p ... p, and any arrow with signature n...n can be moved horizontally and verti-
cally until it crosses the axis, so is equivalent to 0. Hence T, . ., (I) = Ty .. .n(I) = 0, as required. [

Proposition 3.3.3. [27, Proposition 1.5]. Let o« € Z™ and [1] € Hilb%(A™). The set of bounded connected
components of (I + o) \ I corresponds to a basis of [T(I)|«.

Proof. We give an alternative proof following the discussion above. Consider an arrow in Z™ with
tail in I and head in A\, with direction vector . This corresponds to an element of (I+ «) ~ I (the
position of the head). The unbounded components correspond to arrows whose head crosses the
axes, which correspond to zero vectors. If two arrows have heads in the same bounded component
of (I+ a) . I, then they can be moved onto one another via a path with all intermediate arrows
having tail in T and head in A. Hence they are equivalent. Any arrows in different bounded
components are not equivalent, since they cannot be translated onto each other in this way. O

Remark 3.3.4. Ramkumar-Sammartano’s proof is explicit. For each such bounded component U,
can define a map @y : I — S/I by setting ou(xP) = x*"P if x + B € U and 0 otherwise. It can
be shown that this is S linear. Conversely, suppose P € [T(I)l. If @ + 3, x + v lie in the same

connected component U C (I + «) \ I, then there exists cy,,u € k such that P(xP) = ¢y yx*P
and P(xY) = cy,,ux*"Y. They then deduce thatp = Y, cy,u@u-

We return to the smoothness of Hilb%(S). By the discussion of the smoothable component in
Section 2.1, it suffices to show that dimy T(I) < 2d for all L.

Proposition 3.3.5. Let I be a monomial ideal of S. Then dimy Ty Hilb%(A?) < 2d.

Proof. The proof is inspired by [30, Proposition 18.14], modified to use Ramkummar-Sammartano’s
result. We consider the possible bounded components of (I + &) \ I as « varies in Z2. If « has
signature pp or nn, then there are no bounded components. There are two cases remaining.

(1) If « has signature np, then take the top left element of each bounded component U of

(I+ «) ~ L. So U corresponds to an arrow with head lying just inside A in column h and
tail lying just right of A in row k.
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(2) If o has signature pn, then for each bounded component U, take the bottom right most
element of U. This corresponds to an arrow whose head lies just inside row k of A and
whose tail lies just above column h.

Examples of both cases are given in Figure 9. For each type, (h, k) € A determines the « and the
component U uniquely. Thus, there can be at most d basis elements of each type. The dimension
bound follows.

Ao

FIGURE 9. Young diagram for I = (x®,x3y?,xy3,y>), with bounded components
of (I + ) ~ I shown for « = (—1,1) and & = (1,—2). We can also consider these
elements of T(I) as arrows.

0

3.4. Results in P3 and further conjectures. We now sketch a proof of Theorem 3.0.3, as given by
Ramkummar-Sammartano [27].

Lemma 3.4.1. Let v € Z>(. We have

3
dimy Typn(m") = dimy Tynp (m") = dimny Tapp(m") = (T I )

2
ditny Ty (m") = dimy Tapn(m™) = dimy Tanp(m') = <r Z ) .

Proof. See [27, Lemma 1.5] and [27, Lemma 3.5]. We give an alternative presentation.

Consider the Young diagram of I = m". We calculate dimy Tynp. The rest is similar. We must
have |ai| < r for (I+ «) ~ I to be non-empty and the possible cases are oty = 0,...,7— 1. Let
Sx ={x} x R x R be a “slice” of the diagram. Then for any x = 0,...,7 — 1, we have that A N Sy is
a staircase of size r — x.

Forx =0,...,r consider

(I+a) D) NSy = (T4 a)NSyx)~ (INSy).

Then (I+ ) NSy is a staircase of size r—x and ((I+ &) NSy ) is a staircase of size T —x + 7 if this
is non-negative, and is empty otherwise. If it is nonempty, then we can slide the larger staircase
up and left, as in Figure 10.



28

L L

FIGURE 10. The slice I = m® N S; is a staircase. The bounded components of
(I+ «) ~ Iis shown for o = (2,—3,0), (2,—4,1), (2,-5, 3).

This gives (" %) bounded components. So in total
g 2 P

r—1 r-2 r—1
. r—x+1 r+2—0x r+3
dlmk Tpnp = Z Z < 2 > — Z ( 3 ) = ( 4 >

a1 =0x=0 x1=0

O

Example 3.4.2. Consider I = (x,y,2)* C k[x,y,zl, « = (—1,0,0). Then Iand I + « are shown in
Figure 11, along with the slice at x = 0.

FIGURE 11. I =m3, « = (—1,0,0). I+ a is indicated ?y the blPe circles. Each black
point that is not circled is a bounded component of (I + «) \ I. The slice at x = 0 is
shown on the right.

Lemma 3.4.3. [27, Theorem 2.4]. Let [I] € Hilb%(A3) be a monomial point. We have
dimy Typn (1) = dimy Tonp(I) +d
dimy Tpnp (1) = dimy Tppp(I) +d
dimy Typp (1) = dimyg Tpna (1) + d.

We omit the proof.



29
Lemma 3.4.4. [27, Proposition 3.1]. Let I be a monomial ideal, and consider the k[z] decomposition of I,
I= @xiyj(zb"’i).
i,)

For each o1, 02 > 0, we have
(%) Z dime [T(D] oy, 0, 05) < Z (by,; —max{biiqj,bijr1}).

a3<0 iZan,jzon

Proof. We present Ramkummar-Sammartano’s proof. Fix &, ¢, non-negative and define

C= U Cos = U {bounded components of (I+ (1,2, 03)) ~ I}

x3<0 x3<0
8= U Si,)': U {(i,j,k)€)\2(i+],j,k),(i,j+],k)Ei}.
iZog,j=o0 iZzo,jz2an
For each 1, j, have that

81,51 = by j —max{bi;1j,bi 41}
Indeed, considering a slice of Z™ with z = k, we may think of an element in the left hand set as
an “edge” of the Young diagram. For a fixed i, j, such an edge exists for z = k if k > bi 1, bi j11
(see Figure 12).

bijx

(1)])k) Nl

bij+1x

biy1,5,x

—

FIGURE 12. A “corner” of A at (i,j, k) i.e. (i,j,k) € A, (i+1,j,k), (i,j + 1,k) € L

By Proposition 3.3.3, |€| is equal to the left hand side of (5). So it suffices to show |C| < [§]. We
define an injective map { : ¢ — § as follows: P(U) = (P (U), P2 (U),P3(U)), where Pz (U) is least
among the vectors in U with

(W1 (U) + 1,2 (W), d3 (W), (P (U), P2 (U) + 1,3 (U)) ¢ U
This is possible since [U| < co and each such bounded U C A is adjacent to L.
Finally, we show 1 is injective. Suppose U € Co,, U' € Coy with U # U IfUN U’ = (), then

clearly P (U) # Pp(U’). IfUN U’ # 0, then we must have a3 # «f. Without loss of generality, say
a3 < «f. Then U’ C Uand p(U’) + (0,0, a3 — «f) € U. (See example 3.4.5.)

Hence P3(U) < P3(I') + a3 —of <P3(U’), sopz(U) #Pp3(U’) as required. The result follows.
O
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Example 3.4.5. Consider I = (x3,23,y% x? y,xy x?z,y%z?). Let a1 = 3,0 = 0. The slice at
x = 3 is given in Figure 13, with a3 = 2 ol = —1 A translation (0,0, —1) maps the components
UWC(I+a)\IintoUC (I+oa')\L

I+ o

FIGURE 13. A slice at x = 3. The blue hatched area U is (a slice of) a bounded com-
ponent for (I + «) \ I, the red hatched area U’ is (a slice of) a bounded component
(I+ «’) \ 1. After translation (0,0, a3 — %) U’ stays in L.

So far we have only used reduction to monomial ideals, but we will now make use of the
reduction to Borel-fixed ideals (Proposition 3.1.9).

Lemma 3.4.6. [27, Lemma 3.2.]. If1is a Borel-fixed (monomial) ideal in Hilb® A3 with k[z] decomposition

I=Dxy' "),

then max{b# b

i+1,j 1]+1} 1)—0—1'

Proof. By Proposition 3.1, I is strongly stable. So x'y/+1z%%i+1 € I implies x1+1y/z4i+1 € I, and
the result follows. U

Proof of Theorem 3.0.3. This is [27, Theorem 3.6]. By Lemma 3.4.3, it suffices to show the inequality
for s = ppn and s = pnp. Consider the k[z], k[y] and k[y, z ] decompositions of I

I—@xy 2%%) @XZJ @XI

Have Z]->O bi; = dimy (kly, zl/1;). Applymg Lemma 3.4.4 and Lemma 3.4.6, we have

dimy Tppn (1) Z dimy [T(D(o;, 00, 05) < Z Z (bi,j —max{bi, 4 ;,bi;11})
oy,002 20 x1,002201200
a3<0 jZ oo
= 2 2 =bi) = 3 GHNG+D0F; — b0
oq,oc2>01>oc1 i,j=0
jZ oo
r—1r—1
. . kly,z
= > ([{A+N1bf; =) (i+1)dim dim [ﬁ’]
)

1,j20 i>0 i=1j=i
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Claim that for d < dimy (S/m"), for all 0 < j < r, we have

r—1 r—1
. k[y) Z] . khj) Z’]
dim, —— < dimy —————
> i M9 5 i, M,
with equality for all i only if I = m¥. This is [27, Lemma 3.4]. We omit the proof, but it is an
induction argument that requires I to be strongly stable. Hence,

6) dimy Topn (D < ) Y dimy T

From discussion in Example 3.4.2, dimy Tppn(m") = (TZ3 ). The right hand side of (6) is then

e T+ & [r—i+2)  [(r+3
L)) ()
i=1j=1 i=0
from which we obtain the inequality for s = ppn. The inequality for s = nnp is shown similarly
by using the k[y] decomposition. The final statement is shown by noting that all the inequalities

are equalities only if [ = m* (we refer the reader to the proof in [27] for details). O

Ramkumar-Sammartano conjecture that the inequalities also hold for s € {npp,pnn}. Then
Conjecture A would follows from Proposition 3.3.2.

A different approach is taken by Rezaee [29], who conjectured a necessary condition for T(I) to
be maximal.

Conjecture 3.4.7. [29, Conjecture B]. Let n > 3. Suppose that 1 is a 0-dimensional Borel-fixed ideal in
Clx1,...,xn] which is given by

I=(x]"

yo ooy Xn ™, all mixed monomial generators),
where my <My < ... < My

Then, if (“+TTL_1) < colength(I) < (™“17) and T(1) is maximal, then my = .

Conjecture A follows from this conjecture by applying the following lemma:

Lemma 3.4.8. [29, Lemma 1.7]. Let n > 3. Suppose that 1 is a 0-dimensional Borel-fixed ideal in
C[X1,...,xn] which is given as in Conjecture 3.4.7. If colength(I) = (" ~"), then I = m" is the only
ideal of this colength for which my = .

4. PUNCTUAL HILBERT SCHEMES

We finish with a brief discussion on the punctual Hilbert scheme!!, which we can study with
similar techniques.

Definition 4.0.1. The dth punctual Hilbert scheme, denoted P4(X), parametrises length d subschemes
supported at a single point of X.

Ha warning: the Hilbert scheme of points is also often referred to as the punctual Hilbert scheme in the literature.
The punctual Hilbert scheme is also referred to as the local punctual Hilbert scheme to distinguish the two.



32

Alternatively, P4(X) is the reduced fiber of the Hilbert-Chow morphism ¢ : Hilb4(X) — S4(X)
over a multiplicity d cycle, and is also the Hilbert scheme of points of a local k-algebra. Many
proofs regarding the Hilbert scheme of points or their applications involve the Hilbert-Chow mor-
phism or reducing to the local case (including [4, 5, 11, 15]), which motivates the study of punctual
Hilbert scheme. Other authors have studied the punctual Hilbert scheme as an independent object
of interest [3, 36].

The tangent space to P4(X) is comprised of those tangent vectors in Tjz Hilb%(X) which are in
“vertical” directions relative to ¢. More precisely, we have the following general result.

Proposition 4.0.2. Suppose f : X — Y is a map of schemes. If p € Y and q is in the scheme theoretic fibre
f=1(p), then

Tyt (p) = Coker(dflq : f*Qylq — Qxlq)"

In particular, to calculate the dimension of Tqf 1 (p) it suffices to calculate the dimension of Coker(dflq).

So if we consider the map induced by the Hilbert-Chow morphism on cotangent spaces,
de : Qga(az) = Qe a2y,
we have that dimy Tjz(P4(X)) = dimy Tz Hilb4(X) — dimy im(degl;z)). In general, calculating
dimy Tz (Pa(X)) in this way requires calculating the dimension of dimy Tz Hilb4(X), which we

have seen is generally not straightforward, but in the case where X is a smooth surface, we have
dimy T;z) Hilb(X) = 2d. Bejleri-Stapleton use this line of reasoning to prove the following result.

Theorem 4.0.3 (Bejleri-Stapleton [3]). If I is a monomial ideal such that 1] = V(1) is a length d sub-
scheme supported at the origin, then

dim(T;Pa(S)) =2d — A,
where if A is the corresponding Young diagram,

A = (maximum of horizontal steps in ) + (maximum of vertical steps in ).

Proof. Without loss of generality, we may take S = A2 = Speck[x,y]. The map de|(; is induced
on cotangent spaces by @*. The coordinate ring of S¢(A?) is
= /\dk[xay] = kbﬂ yery XdyYly-.o >yd]5d3

which is generated by polynomials

th

We want to calculate @* (pr s).

The following is from [14, Proposition 2.2]. For any ideal I C S, we can decompose as I = NIj,
where [; relatively coprime, V(I;) = p; = (ai, bi), and colength(l;) = di. Note that k[x,yl]/I is
a direct sum of local rings k[x,yl/I;. View x,y as endomorphisms of C[x,y]/I via multiplication.
Let My, My, respectively be the corresponding matrices. Then M, My commute. In k[x,y]/I;, we
have that (x — a;)" = 0 for some r > 1, so the eigenvalue at p; of My is a; (with multiplicity d;).
Similarly, the eigenvalue of My at p; is b;. Hence,

r(MIMS) Zd aibi = pr,s(e(D)).
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Thus ¢*(pr,s) = Tr(x"y®) and the image of ¢* is spanned by Tr(x"y®) mod m?. Recall in

Proposition 3.3.5 we considered coordinates cI$, around [I] € Hilb%(A?). Writing x™y*® as a matrix
using this basis, we can compute the trace as

Tr(XryS): Z C{lih,s+k.
h,kEA

Recall in Section 3.3, we considered elements of m/m? as arrows. Under this correspondence,
Tr(x™y®) can be viewed as a sum of arrows with slope s/r. If s, r are both non-zero, then the arrows
are pointing south-west (has signature nn), and hence is equivalent to 0.

When s = 0, we have a sum of horizontal arrows of length r. If r > max(Ah), we can move the
arrow up and left until the tail crosses the y axis, and it is equivalent to 0. For 1 < r < max(Ah)
this is not possible, so these give non-zero elements. This is demonstrated in Figure 14.

)

FIGURE 14. Three non-zero elements of Oy, a2, represented by arrows.

Similarly, we can consider the case r = 0, and we obtain a linearly independent generating
set for im(dh|(y}) of size max(Av) 4+ max(Ah) . The result follows since Hilb%(A2) has dimension
2d. a

Example 4.0.4. Consider I = (x?,xy,y3) € P4 and « = (—1,0). The Young diagram and its
translate is given in Figure 15.

1

FIGURE 15. The young diagram A is outlined in black and (I 4 «) . I is shaded in
red for I = (x%,xy,y>) and o« = (—1,0).

The two top arrows are equivalent. The arrows correspond to the following morphisms (see
Remark 3.3.4):
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$1:1 S/ $r:1 S/
XUZHUZ, Xzi—>X
xXy—y

All other monomials are sent to 0. By the proof of Theorem 4.0.3, d(¢*(p1,0)) corresponds to
®1 + ¢2. Inlight of Section 1.3, this corresponds to the deformation

I. = (x2 + ex,xy + Zey,yS),

and for all 0 # € € k, V(I.) is supported at two points: the origin and (—e, 0). We are “splitting”
the fat point into two points. Hence this tangent vector is in the cokernel of d¢ and not contained
in the tangent space of P4.

Corollary 4.0.5. For any (1] € P4, we have that dim T;;jPq < 2d — 2, and equality occurs at a monomial
ideal 1if and only if I = m"™ where m = (x,y). i.e. m" gives the maximally singular points of Pq.

Proof. Also see [3, Corollary 11]. The Borel action on Hilb%(A?) fixes P4 and since Py is proper, I €
P4 implies Gin(I) € P4. So again the maximum dimension tangent space is given at a monomial
ideal. Then by Theorem 4.0.3, have

dim T[I]Pd <2d-2,

with equality when (maximum of horizontal steps in A) = (maximum of vertical stepsin A) = 1
This happens precisely when A is a staircase, so I = m".

0

Remark 4.0.6. Bejleri-Stapleton show that for k = C, if dim Tj;jPq = 2d — 2 for any ideal I, then
I = m". For this, a more general form of Theorem 4.0.3 is required.

Consider the vector bundle E — Hilb%(A?) whose fiber at [X] € P, is HO(A%, T,2|x). This is a
2-dimensional vector space. There is a natural injective morphism of sheaves [3]

For a monomial ideal I, we have

rank(ogl[)) = (maximum of horizontal steps in A) + (maximum of vertical steps in A).

This can be proven with similar techniques, showing that derivations act on the Young diagrams
by shifting down or right. Details can be found in [3, Section II]. Thus the content of Theorem 4.0.3
is that corank(dh|;) = corank(xql(1]). Bejleri-Stapleton also prove that for any ideal I,

dim(Tj;1Pq) = corank(de|(y) > corank(oqly)).

The key idea is that there is a holomorphic symplectic form w € HO (Hilb%(A2), /\ZQHilbd( A2) ),
giving an isomorphism w : Ty a(42) = Qyya42)- Bejleri-Stapleton show that d¢ factors through
oo w. 1-parameter degenerations (see Remark 3.1.6) can then used to modify the argument in the
proof of Corollary 4.0.5 to give the result.



35

REFERENCES

[1] A. ATANASOV, E. LARSON, AND D. YANG, Interpolation for normal bundles of general curves, Mem. Am. Math. Soc.,
257 (2019), p. 105. 6
[2] A.BEAUVILLE, Counting rational curves on K3 surfaces, Duke Math. J., 97 (1999), pp. 99-108. 2, 3
[3] D. BEJLERI AND D. STAPLETON, The tangent space of the punctual Hilbert scheme, Mich. Math. J., 66 (2017), pp. 595—
610.2,4,32,34
[4] J. BRIANCON AND A. IARROBINO, Dimension of the punctual Hilbert scheme, J. Algebra, 55 (1978), pp. 536-544. 2, 18,
19, 23, 24, 25,32
[5] D. CARTWRIGHT, D. ERMAN, M. VELASCO, AND B. VIRAY, Hilbert schemes of 8 points, Algebra & Number Theory,
3 (2009), pp. 763-795. 2, 3, 14, 15, 32
[6] R. CAVALIERI, Moduli spaces of pointed rational curves. https://www.math.colostate.edu/~renzo/teaching/
Modulil6/Fields.pdf.5
[7] M. CHAN, Moduli Spaces of Curves: Classical and Tropical, Not. Am. Math. Soc., 68 (2021), p. 1. 5
[8] T. DOUVROPOULOS, J. JELISIEJEW, B. I. U. NODLAND, AND Z. TEITLER, The Hilbert Scheme of 11 Points in A3 Is
Irreducible, 80 (2017), pp. 321-352. 3
[9] D. EISENBUD, Commutative algebra with a view toward algebraic geometry, no. 150 in Graduate Texts in Mathematics,
Springer, New York, NY, nachdr. ed., 2004. 6, 17, 19, 20, 21, 22
[10] D. EISENBUD AND J. HARRIS, The geometry of schemes, no. 197 in Graduate Texts in Mathematics, Springer, New
York, 2000. 9
[11] J. FOGARTY, Algebraic Families on an Algebraic Surface, Am. J. Math., 90 (1968), p. 511. 2, 10, 11, 32
[12] L. GOTTSCHE, The Betti numbers of the Hilbert scheme of ponts on a smooth projective surface., Math. Ann., 286 (1990),
pp- 193-208.2, 3
[13] L. GOTTSCHE, Hilbert schemes of points on surfaces, Proceedings of the ICM, Beijing, 2 (2002), pp. 483-494. 3
[14] M. HAIMAN, ¢, g-Catalan numbers and the Hilbert scheme, Discrete Math., 193 (1998), pp. 201-224. 25, 32
[15] M. HAIMAN, Hilbert Schemes, Polygraphs and the MacDonald Positivity Conjecture, J. Am. Math. Soc., 14 (2001),
pp- 941-1006. 3, 32
[16] J. HARRIS AND I. MORRISON, Moduli of Curves, vol. 187 of Graduate Texts in Mathematics, Springer-Verlag, New
York, 1998.4,6,7,9, 12
[17] R. HARTSHORNE, Connectedness of the Hilbert scheme, Publ. Math. THES, 29 (1966), pp. 7-48. 2,10
[18] R. HARTSHORNE, Algebraic Geometry, vol. 52 of Graduate Texts in Mathematics, Springer, 1977. 7,17, 22
[19] A.IARROBINO, Reducibility of the families of O-dimensional schemes on a variety, Invent. Math., 15 (1972), pp. 72-77. 2,

| J. JELISIEJEW, Pathologies on the Hilbert scheme of points, Invent. Math., 220 (2020), pp. 581-610. 2, 3,17, 18
21] J. JELISIEJEW, Hilbert schemes of points and applications, PhD thesis, Umversny of Warsaw, sep 2022. 3, 13, 15, 16
[22] G. MELVIN, The n!and (n+ 1)™" conjectures. https://math.berkeley.edu/~gmelvin/nfactorial.pdf. 3
] D. MUMFORD, Further Pathologies in Algebraic Geometry, Am. ]. Math., 84 (1962), p. 642. 12
24] H. NAKAJIMA, Heisenberg Algebra and Hilbert Schemes of Points on Projective Surfaces, Math. Ann., 145 (1997), p. 379.

[25] H. NAKAJIMA, Lectures on Hilbert schemes of points on surfaces, vol. 18 of University Lecture Series, Am. Math. Soc.,
1999. 11

[26] G. OBERDIECK, Gromov-Witten invariants of the Hilbert schemes of points of a K3 surface, Geometry & Topology, 22
(2017), pp. 323-437.2,3, 6

[27] R. RAMKUMAR AND A. SAMMARTANO, On the tangent space to the Hilbert scheme of points in P3, Trans. Am. Math.
Soc., (2022). 2, 4, 19, 25, 26, 27, 28, 29, 30, 31

[28] A. REEVES, Radius of the Hilbert Scheme, ]. Algebraic Geom., 4 (1995), pp. 639-657. 3, 16

[29] F. REZAEE, Conjectural criteria for the most singular points of the Hilbert schemes of points, arXiv preprint
arXiv:2312.04520, (2023). 2, 4, 13, 31

[30] B. STURMFELS AND E. MILLER, Combinatorial Commutative Algebra, vol. 227 of Graduate Texts in Mathematics,
Springer-Verlag, New York, 2005. 25, 26

[31] M. SZACHNIEWICZ, Non-reducedness of the Hilbert schemes of few points, arXiv preprint arXiv:2109.11805, (2021). 3,
18

[32] B. TOTARO, The integral cohomology of the Hilbert scheme of points on a surface, Forum Math. Sigma, 8 (2020), p. e40. 2

[33] R. VAKIL, Murphy’s law in algebraic geometry: Badly-behaved deformation spaces, Invent. Math., 164 (2006), pp. 569—
590.2,3,12,17

[34] R. VAKIL, The Rising Sea: Foundations of Algebraic Geometry, 2023. 6,7


https://www.math.colostate.edu/~renzo/teaching/Moduli16/Fields.pdf
https://www.math.colostate.edu/~renzo/teaching/Moduli16/Fields.pdf
https://math.berkeley.edu/~gmelvin/nfactorial.pdf

36

[35] S.-T. YAU AND E. ZASLOW, BPS States, String Duality, and Nodal Curves on K3, Nucl.Phys., B471 (1996), pp. 503-512.
3

[36] S. ZHAN, Punctual Hilbert schemes of points of A3 in the Grothendieck group of varieties, arXiv preprint
arXiv:2208.02419, (2022). 32



	Introduction
	0.1. Motivation and brief survey
	0.2. Outline
	Acknowledgments

	1. Basic Definitions and First properties
	1.1. Moduli functors and moduli spaces
	1.2. Hilbert polynomials and Hilbert schemes
	1.3. Tangent spaces to Hilbert schemes
	1.4. The Hilbert scheme of points

	2. Pathologies of the Hilbert scheme of points
	2.1. The shape of `3́9`42`"̇613A``45`47`"603AHilbd(X)
	2.2. Murphy's Law

	3. Bounds on dimension and most singular points
	3.1. Reduction to Borel fixed points
	3.2. Young diagrams and bounds on dimension
	3.3. Application to surfaces
	3.4. Results in P3 and further conjectures

	4. Punctual Hilbert Schemes
	References

